Abstract. We find asymptotic lower bounds for the numbers of both Beauville and non-Beauville 2-generator finite p-groups of a fixed order, which turn out to coincide with the best known asymptotic lower bound for the total number of 2-generator finite p-groups of the same order. This shows that both Beauville and non-Beauville groups are abundant within the family of finite p-groups.
Introduction
A Beauville surface (of unmixed type) is a compact complex surface isomorphic to a quotient (C 1 × C 2 )/G satisfying the following conditions:
(i) C 1 and C 2 are algebraic curves of genera at least 2.
(ii) G is a finite group acting freely on C 1 × C 2 by holomorphic transformations. (iii) For both i = 1, 2, we have C i /G ∼ = P 1 (C) and the covering map C i → C i /G is ramified over three points. Then the group G is said to be a Beauville group.
The geometric definition of Beauville groups can be transformed into purely group-theoretical terms. Given a group G, a tuple T = (x, y, z) is called a spherical triple of generators if G = x, y, z and xyz = 1. Then G is a Beauville group if and only if it admits two spherical triples of generators, T 1 and T 2 , such that (1) t 1 g ∩ t 2 = 1, for all t 1 ∈ T 1 , t 2 ∈ T 2 , and g ∈ G.
(With a slight abuse of notation, we use the same symbol for the tuple and the set of its components, and we write the ∈ symbol to denote that an element appears in the tuple.) We then say that (T 1 , T 2 ) is a Beauville structure of G. Thus Beauville groups are in particular 2-generator finite groups. At this point it is natural to ask which 2-generator finite groups are Beauville groups. In 2000, Catanese [1] proved that a finite abelian group is a Beauville group if and only if it is isomorphic to C n × C n , where n > 1 and gcd(n, 6) = 1. On the other hand, all finite simple groups other than A 5 are Beauville groups, as shown by Guralnick and Malle in 2012 [8] . Fairbairn, Magaard and Parker [2, 3] proved more generally that all finite quasisimple groups are Beauville groups, with the only exceptions of A 5 and SL 2 (5) .
The determination of nilpotent Beauville groups is easily reduced to the case of p-groups. In [4] , the first two authors found a criterion for a finite p-group with a 'nice power structure' to be a Beauville group that extends Catanese's condition for abelian groups. More precisely, if G is a 2-generator finite p-group of exponent p e that satisfies the condition (2) x p e−1 = y p e−1 ⇐⇒ (xy −1 ) p e−1 = 1, then G is a Beauville group if and only if p ≥ 5 and |G p e−1 | ≥ p 2 . Note that condition (2) holds for usual families of p-groups such as powerful groups, p-central groups, and regular p-groups. In particular, it holds for p-groups of nilpotency class less than p. On the other hand, examples are given in [4] showing that the above criterion is not generally valid without assumption (2) , and it may be very hard to decide whether a given finite p-group has a Beauville structure. Failing to find a general recipe to tell apart Beauville p-groups from nonBeauville ones, we can reformulate our goal and try to determine the asymptotic behaviour of the number of Beauville groups of order p t as t tends to infinity. In this respect, observe that Jaikin-Zapirain [10] provided asymptotic bounds for the number f d (p t ) of d-generator finite p-groups of order p t , which reduce to the following in the case d = 2:
t 2 +o(t 2 ) .
In [5] , the authors comment that it is very plausible that most 2-generator finite p-groups of sufficiently large order are Beauville groups. In this paper, we shed some light on this problem, by showing that there are an abundance of both Beauville and non-Beauville groups among 2-generator finite p-groups. More precisely, if b(p t ) and nb(p t ) denote the number of Beauville and non-Beauville 2-generator p-groups of order p t , we show that these numbers are asymptotically at least as big as the best known lower bound for the total number of 2-generator groups of order p t , provided that p ≥ 5.
Main Theorem. Let p ≥ 5 be a prime. Then
and
The proof of this theorem follows ideas used by Jaikin-Zapirain in order to obtain the lower bound for f 2 (p t ) in (3) . Roughly speaking, the approach is to consider the free group F on 2 generators and a normal subgroup H of p-power index in F . Then one refines the lower p-central series of H to a special type of normal series of F with all sections of order p, which we call standard series. Now for every S in a standard series, let us consider all quotients F/W with S p [S, F ] ≤ W ≤ S. We refer to these factor groups as standard 2-generator p-groups. Then Jaikin-Zapirain's argument is to observe that, for a given n ∈ N, by suitably choosing S and W , one can find as many non-isomorphic standard groups as shown in the lower bound of (3).
In counting Beauville and non-Beauville 2-generator p-groups, again we use standard p-groups, and we need to perform a very careful analysis of the power-commutator structure of such groups. This is the goal of Section 2, where we work with the lower p-central series of a general group G, not necessarily free. We also introduce standard series and another refinement of the lower p-central series, that we will write as {Q n,k (G)}, and that will play a significant role in the determination of the existence of Beauville structures. In Section 3, we consider the above mentioned situation of a free group F on 2 generators and a normal subgroup H of p-power index, and we are able to give a criterion to determine whether the quotients of F by a quite general family of normal subgroups are Beauville groups. This applies in particular to all standard groups arising from a subgroup S that is not lying strictly between P n+1 (H) and Q n,1 (H). This criterion relies heavily on the theory developed in Section 2, but it also requires some other results that are specific to free groups. The restriction on S only means a bounded number of exceptions for every n, and it allows us to adjust Jaikin-Zapirain's argument in order to count Beauville and non-Beauville groups, which we do in Section 4.
The restriction to p ≥ 5 in our main theorem does not come as a surprise. One of the cornerstones in our method for finding Beauville structures in Section 3 is the fact that the lower p-central quotients F/P n (H) are always Beauville groups for p ≥ 5. However, as the second author showed in [7] , F/P n (F ) is never a Beauville group if p = 2 or 3, a result that can be extended with a similar argument to the quotients F/P n (H). Also, in general, the construction of Beauville p-groups is much more difficult when p = 2 or 3 than for p ≥ 5. Actually, for some time it was not known whether there existed any Beauville 2-groups or 3-groups, and the first examples were given in [5, Section 5] . It is certainly an interesting problem to try to find a lower bound for b(p t ) when p = 2 or 3, but it will require a radically different approach.
2. Power-commutator calculus and refinements of the lower p-central series Let G be a group and let p be a prime number. The series 
We refer to each quotient group G/P n (G) as a lower p-central quotient of G.
Observe that, if G is finitely generated, then G/P n (G) is a finite p-group of exponent less than p n and class less than n. We define a function s G : N → N by means of |P n (G) :
If F is the free group on d generators, we write s d (n) for s F (n). By Lemma 3.1 of [10] , we can write
where µ is the Möbius function. Also, one can easily check that
, which in turn yields that
or what is the same, that
Our determination of both Beauville and non-Beauville groups among standard 2-generator p-groups requires introducing some refinements of the lower p-central series. To this purpose, we first develop a collection of tools regarding power-commutator calculus with respect to the terms of the lower p-central series.
Recall that by the Hall-Petrescu identity (see Lemma 1.1 in Chapter VIII of [9] ), given a prime p and m ∈ N ∪ {0}, for any two elements g and h of a group we have
where H = g, h , and
where
We also need the following fact about commutators and powers of the subgroups P n (G), which is Theorem 1.5 in Chapter VIII of [9] . Lemma 2.1. Let G be a group. Then, for all m, n ∈ N, both [P n (G), P m (G)] and P n (G) p m are contained in P n+m (G). Now we can translate (5) and (6) into congruences with respect to subgroups of the lower p-central series.
Proposition 2.2. Let G be a group. Then, for every odd prime p and every m ∈ N ∪ {0} and n ∈ N, the following hold:
If p ≥ 5 and a, b ∈ γ n (G) then we furthermore have
(ii) For every a ∈ P n (G) and g ∈ G, we have
Proof. (i) We apply the Hall-Petrescu identity to (ab) p m with a, b ∈ P n (G). Set H = a, b . Then, by Lemma 2.1, the modulus in (5) is contained in
since p is odd. If p ≥ 5 and a, b ∈ γ n (G) then the modulus is contained in
The result follows.
(ii) Now we apply the commutator Hall-Petrescu identity (6) to [a p m , g] with a ∈ P n (G) and g ∈ G. We only have to observe that, if K = a, [a, g] , then
and for all r = 1, . . . , m,
since p is odd.
Proposition 2.3. Let G be a group, let p be an odd prime, and let m ∈ N ∪ {0} and n ∈ N. Then:
is a group homomorphism. Furthermore, if L and N are normal subgroups of G contained in P n (G) then the following hold:
(ii) The subgroup L p m and the set {x p m | x ∈ L} coincide modulo P n+m+1 (G).
(iii) We have
(iv) For every s ∈ {0, . . . , m},
Proof. Note that (i) is an immediate consequence of (7), and then (ii) and (iii) readily follow. As for (iv), the inclusion ⊇ is trivial. On the other hand, if y ∈ L p s then, by (ii), y = x p s z for some x ∈ L and z ∈ P n+s+1 (G), and then
Since P n+s+1 (G) p m−s ≤ P n+m+1 (G) by Lemma 2.1, we get the other inclusion. Finally, (v) follows from (9), by using (i) and that
follows from (i) in the previous proposition that the p m th power map induces a homomorphism
We next see that this is a monomorphism if G is a free group. We need the following result, which is Theorem 1.8(a) in Chapter VIII of [9] . Theorem 2.4. Let F be a free group and let p be an odd prime. For every n ∈ N, set
.
Then the map
Lemma 2.5. If F is a free group, then the map
is a monomorphism.
Proof. From the definition of the map f n+m , it follows that
and since f n is bijection, the latter coincides with |P n (F )/P n+1 (F )|. This implies that π n,m is injective.
Now we introduce a first refinement of the lower p-central series.
Definition 2.6. Let G be a group, let p be a prime, and let n and k be positive integers, with k ≤ n. Then we define the following subgroup of P n (G):
Thus we have P n (G) = Q n,n (G), and if we glue together the series {Q n,k (G)} n k=1 , we get a refinement of the lower p-central series of G consisting of verbal subgroups, so in particular of characteristic subgroups of G.
Observe that the first two terms of this refinement between P n+1 (G) and P n (G) are
Proposition 2.7. Let G be a group and let p be an odd prime. Then, for every 1 ≤ k ≤ n, we have
Proof. By using different items of Proposition 2.3, we have
By multiplying (13) and (14) together, we get
and the result follows.
We will also need to know the behaviour of p n−2 nd powers with respect to the subgroup Q n,2 (G).
Proposition 2.8. Let G be a group and let g, h ∈ G. If p ≥ 5 is a prime and n ≥ 2 is an integer then
Proof. By (8), we have
Since the modulus of this congruence is contained in Q n,2 (G), this proves (15).
On the other hand, we have
where the inclusion follows from (15), and the equality from (11) . Now if g ≡ h (mod P 2 (G)) then write g = hz with z ∈ P 2 (G), and by applying (15) and the last inclusion, we obtain (16).
In the case of free groups, more precise information can be given.
Proposition 2.9. Let F = x 1 , . . . , x d be a free group of rank d and let p be an odd prime. Suppose that N is a normal subgroup of F such that Q n,2 (F ) ≤ N ≤ P n (F ) with n ≥ 2. Then the elements x
Proof. By (11) and (12), we have
Since Q n,2 (F ) ≤ N , it follows that F p n−2 N/N is a central section of F of exponent p. In particular, it is an F p -vector space and it makes sense to speak of linear independence of p n−2 nd powers modulo N . Suppose, by way of contradiction, that
are linearly dependent modulo N . We may assume, without loss of generality, that
for some i 2 , . . . , i d ∈ {0, . . . , p − 1}. Now we have N ≤ P n (F ) and every element of P n (F ) can be written in the form g
. . . g n for suitable g i ∈ γ i (F ), by Theorem 2.4. It follows that
for some a ∈ F and b ∈ γ 2 (F ). Then we have
Then the exponent sum of x 1 in (17) will be p n−2 (1 + j 1 p). On the other hand, an element of the free group F belongs to γ 2 (F ) if and only if the exponent sum of each free generator is zero. Hence we get p n−2 (1 + j 1 p) = 0, which is a contradiction.
Next we introduce a second way of refining the lower p-central series, which is also a refinement of the series {Q n,k (G)}. In this case, we obtain a family of series of G, which we call standard series, consisting of normal subgroups and in which the index between two consecutive terms is always p. To this purpose, we follow [10] , but we give a construction that is a bit more general and does not require the use of elements. Before giving the definition of these series, we remark the following immediate consequence of (i) of Proposition 2.3 and of Lemma 2.5.
Lemma 2.10. Let G be a group, and let L and N be normal subgroups of G such that
and if G is a free group then the equality holds.
The idea of the definition of standard series is very simple. We start from an arbitrary refinement of the inclusion P 2 (G) ≤ G via a chain of normal subgroups of G of maximum length. By taking pth powers and multiplying by P 3 (G), which amounts to applying π 1,1 , these subgroups give (after deleting repetitions) a chain of the desired type from P 3 (G) to G p P 3 (G), that we extend to P 2 (G). By iterating this process, we can refine every step from P n+1 (G) to P n (G) with normal subgroups of G whose consecutive indices are all p. We formalise this idea in the following definition. Definition 2.11. Let G be a group and let p be an odd prime. For every n ∈ N, we define a series S(n) of normal subgroups of G,
with |S n,k : S n,k−1 | = p for k = 1, . . . , s G (n), as follows:
(i) The series S(1) is chosen arbitrarily so as to satisfy the required conditions. (ii) For n ≥ 2, we consider the series starting at P n+1 (G) which consists of the subgroups
and we extend it to P n (G) with normal subgroups of G, each of index p in the next one.
Then we say that the series S that is obtained by concatenating all series S(n) is a standard p-series of G.
Proposition 2.12. Let F be a free group of rank d and let p be an odd prime. If S is a standard p-series of F then, for all n ∈ N:
Proof. (i) By Lemma 2.10, we have
In the general case, by (i) we have
where the second to last equality follows from Proposition 2.3.
, we can consider the minimum ℓ such that
by using Proposition 2.7. On the other hand,
by using (ii) and that k ≥ s d (ℓ − 1). Hence
Now, by (i) and Proposition 2.3,
Finding Beauville and non-Beauville p-groups
In the remainder, p stands for a prime number greater than or equal to 5. Let F = x, y be the free group of rank 2, and for an arbitrary non-negative integer a, let us consider the subgroup
. . , y
Then F/H is a cyclic group of order p a and H is a free group in the generators given above, so free of rank p a + 1, by Proposition 18 in [5] . Even if not explicitly mentioned in the statements of the results, F and H will denote these groups in the remainder of the paper. Let us write U n for Q n,2 (H). In other words,
for every n ≥ 2. Thus U 2 = P 2 (H) and P n+1 (H) < U n < P n (H) for n ≥ 3. The main result of this section is the determination of when a quotient F/W is a Beauville group for all normal subgroups W of F lying between U n+1 and P n (H). We start by considering the power structure of quotients F/N with U n ≤ N ≤ P n (H).
Lemma 3.1. Suppose that n ≥ 2 and U n ≤ N ≤ P n (H). Then:
(i) y has order p n−1 modulo N .
(ii) xy j has order p a+n−1 modulo N for all j ∈ Z.
Proof. Since H is a free group, it follows from Proposition 2.9 that x and y have orders p a+n−1 and p n−1 modulo N , respectively. Now consider the element xy j . We have
Since U n ≤ N , by applying (15), we get
Now, by Proposition 2.9, all powers
are linearly independent modulo N , and this implies that (xy j ) p a+n−2 ∈ N . On the other hand, since
we have (xy j ) p a+n−1 ∈ N . We conclude that the order of xy j modulo N is p a+n−1 .
Hence, for n ≥ 2, the minimal subgroups of y and xy j modulo N correspond to y p n−2 and (xy j ) p a+n−2 , respectively. We next study the behaviour of these subgroups. Lemma 3.2. Suppose that n ≥ 2 and U n ≤ N ≤ P n (H). Then:
(i) The subgroups (xy j ) p a+n−2 and (xy k ) p a+n−2 are different modulo N if j ≡ k (mod p), and they are also all different from y p n−2 .
(ii) The subgroup (xy j ) p a+n−2 is central in F modulo N for all j ∈ Z.
Proof. First of all, observe that, since x p a , y, y x , . . . , y x p a −1 are free generators of H, their p n−2 nd powers are linearly independent modulo N by Proposition 2.9. Hence (i) follows immediately from (18).
Let us now prove (ii). On the one hand, observe that all p n−2 nd powers of elements of H are central in H modulo N , since 
and this element is invariant under conjugation by x, since (y
At this point, we can already prove that all quotients F/N with U n ≤ N ≤ P n (H) are Beauville groups. Proposition 3.3. Let N be a normal subgroup of F such that U n ≤ N ≤ P n (H), where n ≥ 2. Then the factor group F/N is a Beauville group.
Proof. Set T 1 = (x −2 , xy, x −1 y) and T 2 = (xy 2 , y, xy 3 ). We claim that the images T 1 , T 2 of these tuples in F = F/N yield a Beauville structure. Thus we have to prove that t g 1 ∩ t 2 = 1 for all t 1 ∈ T 1 , t 2 ∈ T 2 , and g ∈ F .
Observe that x −1 y is the inverse of (xy −1 ) y . Then for every t 1 ∈ T 1 , the order of t 1 is p a+n−1 by Lemma 3.1, and t for every t 1 ∈ T 1 . On the other hand, if t 2 ∈ T 2 then the minimal subgroup of t 2 is either t
if t 2 = y, or y p n−2 otherwise. Now, by Lemma 3.2 and taking into account that p ≥ 5, the minimal subgroups of t g 1 and t 2 do not coincide. This proves that t g 1 ∩ t 2 = 1, as desired.
Determining more generally which factor groups F/W with U n+1 ≤ W ≤ P n (H) are Beauville will require a much more detailed analysis. A fundamental role will be played by the subgroup
Note that by (19), and taking into account that p n−1 st powers of elements of H are central in H modulo U n+1 , we get
Thus, we also have
Observe that U n+1 ≤ V n ≤ U n and that, by Lemma 3.2(ii), V n /U n+1 ≤ Z(F/U n+1 ). In the next lemma we give more precise information about the relation of V n with the centre of F/U n+1 . For simplicity, we will write z for y x p a −1 . . . y x y in the remainder of this section.
Proposition 3.4. For every n ≥ 2, we have:
Proof. By (15), we have
On the other hand, Proposition 2.3 yields
It follows that H p n−1 U n+1 /U n+1 is an elementary abelian p-group on which H acts trivially by conjugation. As a consequence, if we set C = F/H = xH ∼ = C p a then H p n−1 U n+1 /U n+1 is an F p C-module. Now, by Proposition 2.9, the elements x p a+n−1 and (y p n−1 ) x j , for j = 0, . . . , p a − 1, are linearly independent in H p n−1 U n+1 /U n+1 . Thus we have the following decomposition as a direct sum of F p C-modules:
where the first direct summand is a trivial F p C-module and the second is free of rank 1, so isomorphic to F p C.
Observe that H p n−1 U n+1 /U n+1 ∩ Z(F/U n+1 ) is nothing but the maximal trivial F p C-submodule of H p n−1 U n+1 /U n+1 . According to Proposition 6.1.1 and Theorem 6.1.2 of [11] , the group algebra F p C has a unique composition series, and as a consequence its maximal trivial submodule is of F p -dimension 1. Then by (20), H p n−1 U n+1 /U n+1 ∩ Z(F/U n+1 ) is of order p 2 , and since
is non-trivial and fixed under the action of x, this intersection coincides with V n /U n+1 , as desired.
The factor groups F/P 2 (F ) and V n /U n+1 are both elementary abelian of order p 2 , generated by xP 2 (F ) and yP 2 (F ), and by x p a+n−1 U n+1 and z p n−1 U n+1 , respectively. In our next proposition we see that taking p a+n−1 st powers gives a bijection between p of the p + 1 subgroups of F/P 2 (F ) and of V n /U n+1 of order p. We need a couple of lemmas.
Proof. Since F ′ ≤ H and H is abelian modulo P 2 (H), we have
Thus, in order to prove the lemma, it is enough to consider the case w = [x, y]. Then
Lemma 3.6. If g ≡ x i y j (mod P 2 (F )) and p does not divide i, then
Since p does not divide i, the subgroups x k and x coincide modulo H, and since H is abelian modulo P 2 (H), it follows that
by using Lemma 3.5. Now, since H/P 2 (H) is of exponent p, we obtain the congruence in (21).
Proposition 3.7. Let n ≥ 2 and let M and N be the sets of all subgroups of F/P 2 (F ) and V n /U n+1 of order p other than yP 2 (F ) and z p n−1 U n+1 , respectively. Then the map
Proof. First of all, let us see that Φ is well defined, i.e. that it does not depend on the choice of the generator gP 2 (F ). Since gP 2 (F ) belongs to M, it is equal to xy k P 2 (F ) for some k ∈ {0, . . . , p − 1}. Then g ≡ x i y ki (mod P 2 (F )) for some i coprime to p. By combining Lemma 3.6 and Proposition 2.8, we get
Similarly,
and consequently g p a+n−1 U n+1 = (xy k ) p a+n−1 U n+1 . This proves that Φ is well defined.
Finally, (22) shows that Φ is surjective and, since |M| = |N | = p, we conclude that it is bijective.
We need one more ingredient before proceeding to the proof of the main result of this section. Beauville structures are not necessarily inherited when passing to a quotient and cannot be in general lifted from a quotient. However, as we see in the next two lemmas, we can preserve Beauville structures in some special cases.
Lemma 3.8. [6, Lemma 4.2] Let G be a finite 2-generator group, and let T 1 and T 2 be two spherical triples of generators of G. Assume that N G is such that:
Then (T 1 , T 2 ) is a Beauville structure for G.
Lemma 3.9. Let G be a finite p-group with a Beauville structure (T 1 , T 2 ), and let N G. Suppose that there exists K G such that:
Proof. First of all, (ii) implies that o(t) = o(t) for all t ∈ T 1 ∪ T 2 . By way of contradiction, assume that there exist t 1 ∈ T 1 , t 2 ∈ T 2 and g ∈ G such that t g 1 ∩ t 2 = 1. Then the subgroups of order p of these two cyclic subgroups coincide. Thus if we set n 1 = o(t 1 )/p and n 2 = o(t 2 )/p, we have t
for some i coprime to p. By (i), and since K G, we get
Hence t
2 . This is a contradiction, since (T 1 , T 2 ) is a Beauville structure for G.
We can finally present the main result of this section. Theorem 3.10. Let W be a normal subgroup of F such that U n+1 ≤ W ≤ P n (H), with n ≥ 2. Then F/W is a Beauville group if and only if W ∩ V n is either equal to V n or to U n+1 .
Proof. We first assume that W ∩ V n = V n , i.e. that V n ≤ W . By the proof of Proposition 3.3, F/P n (H) has a Beauville structure whose first triple is given by the images of T 1 = (x −2 , xy, x −1 y). Let t 1 ∈ T 1 . By Lemma 3.1, the order of t 1 modulo P n (H) is p a+n−1 . On the other hand, by (19), t p a+n−1 1 lies in V n , and so also in W . Thus t 1 has the same order modulo P n (H) and modulo W and, by Lemma 3.8, the Beauville structure for F/P n (H) can be lifted to a Beauville structure for F/W .
Suppose now that W ∩V n = U n+1 . We already know a Beauville structure (T 1 , T 2 ) for F = F/U n+1 , by Proposition 3.3. We are going to prove that F/W is a Beauville group by applying Lemma 3.9 to G = F/U n+1 , with N = W/U n+1 and K = H p n−1 U n+1 /U n+1 . If we consider the elements of T 1 and T 2 in the proof of Proposition 3.3 and we use Lemma 3.1, it is clear that condition (i) of Lemma 3.9 holds. Thus we only need to see that K ∩ N is trivial. If not, then this non-trivial normal subgroup of the finite p-group F/U n+1 must intersect non-trivially the centre, that is, we have
By (i) of Proposition 3.4, it follows that W/U n+1 ∩ V n /U n+1 = 1, which is impossible since W ∩ V n = U n+1 . Finally, we assume that W ∩ V n is different from V n and from U n+1 , and we prove that F = F/W is not a Beauville group. By Proposition 3.4, we have |V n : U n+1 | = p 2 , and consequently |V n : W ∩V n | = |W ∩V n : U n+1 | = p. Let us write M * for the set of subgroups of M whose image under the map Φ of Proposition 3.7 is different from (W ∩ V n )/U n+1 . If M * is the set of maximal subgroups of F containing P 2 (F ) that correspond to the subgroups in M * , then |M * | ≥ p − 1 by Proposition 3.7. From the definition of Φ, for all M ∈ M * and all g ∈ M P 2 (F ) we have g p a+n−1 U n+1 = W ∩ V n , and consequently g p a+n−1 (W ∩ V n ) = V n . Hence for all such elements g, we have
Now assume, by way of contradiction, that F has a Beauville structure (T 1 , T 2 ). Then the elements of T 1 lie in three different maximal subgroups of F , and similarly for T 2 . Since F has p + 1 maximal subgroups and |M * | ≥ p − 1, there exist t 1 ∈ T 1 and t 2 ∈ T 2 with t 1 ∈ M 1 P 2 (F ) and t 2 ∈ M 2 P 2 (F ) for some M 1 , M 2 ∈ M * . Then, by (23),
coincide, which is impossible if (T 1 , T 2 ) is a Beauville structure.
Asymptotics
In this section we combine the results of Section 3 with the counting method of [10] in order to obtain asymptotic lower bounds for both b(p t ) and nb(p t ). We need to adapt the arguments of [10] to our specific situation, which requires some preliminary work. Also, even if most of the time we simply quote the results in [10] , on occasions we have partially rewritten some of the proofs for the convenience of the reader.
In the remainder, p denotes a fixed prime with p ≥ 5. Also, as in Section 3, F is the free group on two generators x and y, and H = x p a , y F , for some non-negative integer a. Then H is of index p a in F , and is a free group in the p a + 1 generators {x p a , y x i | i = 0, . . . , p a − 1}.
We consider a standard series S = {S n,k } of H, constructed in such a way that, every time we need to introduce subgroups which are not pth powers of previous ones, we choose them to be normal in F , not only in H. Then S consists entirely of normal subgroups of F . The Beauville and non-Beauville groups that we will be counting will all arise in the form F/W with S p n,k [S n,k , H] ≤ W ≤ S n,k for some n and k. We will call these factor groups standard 2-generator p-groups. This makes it necessary to study the quotients S n,k /S Our goal is to find a direct sum decomposition for the module S * n,k that will allow us to count easily standard groups F/W for which we know a priori the intersection W ∩ V n and so, by Theorem 3.10, whether F/W is a Beauville group or not. We do this in the following lemmas.
Lemma 4.2. For every n ∈ N, we have |Q n,1 (H) : P n+1 (H)| = p p a +1 . As a consequence, Q n,1 (H) = S n,p a +1 .
Proof. The map π 1,n−1 : H/P 2 (H) → P n (H)/P n+1 (H) of Lemma 2.5 is a monomorphism whose image is
Since |H : P 2 (H)| = p p a +1 , the first assertion follows. As for the second, observe that any standard series {S n,k } refines the series {Q n,k (H)}, and that |S n,k :
and so also (H p n−1 ) * = J * and the result follows.
(ii) Since (i) holds, the proof of Claim 1 of [10] applies to get a direct sum of
, where D n,k is a maximal free submodule and
On the other hand, by Lemma 4.3, we have S * n,k = (H p n−1 ) * ⊕ X n,k for some F p [C p a ]-module X n,k . As seen in the proof of Lemma 4.3, we have (H p n−1 ) * = J * n , where J n is given by (24), and |( 
Comparing this with (27) and applying the Krull-Schmidt theorem to the finite module S * n,k , it follows that rank B n,k = rank D n,k − 1, and we are done.
We also recall the following result from [10] . We are finally ready for the proof of the Main Theorem. Theorem 4.6. The number b(p t ) of Beauville groups of order p t and the number nb(p t ) of non-Beauville 2-generator groups of order p t both grow at least as p t 2 /4+o(t 2 ) as t goes to infinity.
Proof. Let S be a standard series of H consisting of normal subgroups of F . The idea of the proof is to consider factor groups of the form F/W , where T p [T, H] ≤ W ≤ T for some subgroup T in the series S. By suitably choosing T , we will be able to apply Theorem 3.10 and so to determine whether the quotients F/W are Beauville or not. Then a suitable choice of the subgroups W , together with the previous lemmas, will ensure that we get as many groups of each type as desired.
Let us make these ideas more precise. Set d = p a + 1 and, for every n ≥ 1, let H(n) = {S n,k | k = d, . . . , s d (n)}.
Observe that S n,0 = S n+1,s d (n+1) belongs to H(n + 1). If T ∈ H(n) then Q n,1 (H) ≤ T ≤ P n (H), by Lemma 4.2. Consequently, if W is a normal subgroup of F lying between T p [T, H] and T , we have
As a consequence, Theorem 3.10 allows us to determine whether the quotient F/W is a Beauville group or not. Thus we are going to work with submodules of the F p [C p a ]-module T * = T /T p [T, H]. By Lemma 4.4, T * = (H p n−1 ) * ⊕ A ⊕ B decomposes as a direct sum of submodules, where B is free, of rank m, say. Now consider a submodule C of B such that the quotient B/C is free of rank s, where s ∈ {0, . . . , m} is arbitrary for the moment. Let M and N be the inverse images in T of A and C, respectively. Then, by Theorem 3.10, the following hold:
(i) If W = H p n−1 M N then V n ≤ H p n−1 U n+1 ≤ W , and F/W is a Beauville group. (ii) If W = x p a+n−1 M N then x p a+n−1 ∈ (V n ∩ W ) U n+1 and
This implies that U n+1 V n ∩ W V n , and F/W is not a Beauville group.
Since W as above is in any case of the form KN with K ≤ H p n−1 M fixed and N variable, and since T * = (H p n−1 ) * ⊕ A ⊕ B, we get as many Beauville or non-Beauville groups as choices there are for C. In order to obtain groups of order exactly p t , we now choose T and s suitably. We may assume that t ≥ 2p a , and then we set r = ⌊t/2p a ⌋.
We first consider the case when we want to get Beauville groups. Then t − rp a ≥ p a and there exist unique n, k ∈ N such that |F : S n,k | = p t−rp a . If S n,k ∈ H(n) then we choose T = S n,k . Otherwise k ∈ {1, . . . , d − 1}, and then we choose T to be the subgroup of the series S that has index p a in S n,k . In other words, T = S n+1,s d (n+1)−d+k+1 .
Observe that T ∈ H(n + 1) in this case, since
Thus T is either in H(n) or H(n + 1), and |F : T | = p t−sp a , where s = r or r − 1. In any case, we have s = t/2p a + O(1). (1)).
